The learning of neural networks is becoming more and more important. Researchers have constructed dozens of learning algorithms, but it is still necessary to develop faster, more flexible, or more accurate learning algorithms. With fast learning we can examine more learning scenarios for a given problem, especially in the case of meta-learning. In this article we focus on the construction of a much faster learning algorithm and its modifications, especially for nonlinear versions of neural networks. The main idea of this algorithm lies in the usage of fast approximation of the Moore-Penrose pseudo-inverse matrix. The complexity of the original singular value decomposition algorithm is O(mn 2 ). We consider algorithms with a complexity of O(mnl), where l < n and l is often significantly smaller than n. Such learning algorithms can be applied to the learning of radial basis function networks, extreme learning machines or deep ELMs, principal component analysis or even missing data imputation.
Introduction
Singular value decomposition (SVD) is one of the major algorithms used frequently in neural network and machine learning as an element of more complicated algorithms. Let us assume we have a matrix A, an (m × n) one (A ∈ M m×n (R)). Then the goal of SVD is to decompose this to
where U and V T are orthogonal matrices, and Σ is a diagonal matrix with singular values. In a more practical version, U ∈ M m×n (R), Σ and V T ∈ M n×n (R). In the second case, U ∈ M m×m (R), Σ ∈ M m×n (R) and V T ∈ M n×n (R). This case is not very convenient because, when m is huge, the matrix U may not fit in memory, while in the first case, if only n is not huge either, there is no problem with keeping all the matrices in memory. SVD in artificial neural networks (ANNs) and machine learning (ML) is used in unsupervised and supervised learning. In the former case, it is employed as a very efficient tool for principal component analysis * Corresponding author (PCA) . PCA can be used to extract the most important features from data (dimensionality reduction). Another known application of SVD in unsupervised learning is latent semantic analysis (Dumais, 2005) or face recognition (Heseltine et al., 2003) .
In the case of supervised learning, SVD is used to obtain solutions of linear and nonlinear discrimination and regression problems by building the pseudo-inverse just from the results of SVD. For a deeper investigation of Moore-Penrose pseudo-inverse learning, see the work of Górecki and Łuczak (2013) . Whenever we consider classification or approximation problems, they are represented by a training dataset D, which consists of learning vectors x i (x i ∈ R n , i ∈ [1, . . . , m] ) with the corresponding labels y i (y = [y 1 , . . . , y m ]). In the case of classification y i = 1, . . . , k (in the binary case, y i = ±1), and in the case of regression y i ∈ R. Then we expect our model F (x, w) to satisfy F (x i , w) ≈ y i , i∈ [1, . . . , m] ,
and to be as close as possible to the Bayesian optimal classifier (Mitchell, 1997) in the context of classification and, similarly, in the case of regression. This means 582 N. Jankowski and R. Linowiecki that we want to estimate a hidden relation between input (x 1 , . . . , x m ) and output (y) in D.
If we consider a linear model, it can be defined as
where w are parameters of a hyperplane. 1 In the case of nonlinear models, we can look at a nonlinear model constructed as a linear combination of nonlinear functions
which is a combination (w) of kernels g j . The above form is fully consistent with the radial basis function network (RBFN) (Broomhead and Lowe, 1988) and the extreme learning machine (ELM) (Huang et al., 2004; 2006) as well. The same form also applies to nonlinear support vector machines (Vapnik, 1995; Boser et al., 1992) (except for the learning algorithm). Additionally, it is a special case of a multilayer perceptron (Rumelhart et al., 1986) with one hidden layer, one linear neuron in the output layer and fixed weights between the first and the second layer, but the MLP is typically trained by back propagation and usually no weights are fixed. The sigmoidal function was the original kernel used in the ELM, while in the RBFN the Gaussian kernel is usually chosen (although it is sometimes used in the ELM as well (Huang et al., 2006) ). The sigmoidal kernels in ELMs are constructed by randomizing their weights and thresholds. In the case of Gaussian kernels, they can be initialized by a subset of vectors of the training data D. In both cases the number of kernels has to be chosen manually. Automatic kernel selection (for the ELM or RBFN) was described by Jankowski (2018) . Now we can define the goal (the error function) of linear learning by
where X is defined by
and in nonlinear learning, the goal is defined by
In the case of more than two-class classification, one model per class should be constructed.
where G is given as
Note that Eqn. (7) simply uses the matrix G in place of the matrix X in Eqn. (5). For simplicity, we can assume the general form of the learning goal J,
which covers both the linear and the nonlinear case.
To find the solution-the minimum of Eqn. (8)-we have to compute the gradient:
To find w, we equate the gradient to zero:
After a few substitutions, we finally have
where A † is the Moore-Penrose pseudo-inverse matrix of A. Now, SVD can be used to compute the pseudo-inverse of A. In this way, SVD can be employed to build both linear and nonlinear discrimination/regression. In the case of nonlinear discrimination, we have solutions for RBFNs and ELMs. Finally, A † is
where Σ −1 is a matrix with the dimensions of Σ swapped symmetrically, and all of its non-zero elements are on its diagonal. Σ −1 ii = 1/Σ ii for each i, where Σ ii = 0. The costs of learning via SVD are relatively low. The complexity of SVD in linear cases is O(mn 2 ) and O(ml 2 ) in nonlinear cases (the difference lies in the sizes of the matrices X and G, respectively). The goal of this article is to reduce the costs stemming from the number of columns of the decomposed matrix (n 2 and l 2 in the above complexities, respectively).
The usage of SVD for learning RBFNs or ELMs does not constitute the whole of pseudo-inverse learning applicability in ANNs. Tang et al. (2016) introduced a multilayer perceptron learned as a multi-layered ELM. It can be seen as a special case of deep learning-the first layers are the layers of autoencoders and the final layer is a typical ELM. This kind of learning enables a significant shift of quality in comparison with the abilities of single hidden layer ELMs, especially in computer vision problems. Another application is local receptive fields-based learning in the domain of ELMs, introduced by Huang et al. (2015) . This is also an example of 583 a deep structure which is more similar to convolutional neural networks (CNNs) (Goodfellow et al., 2016) -it consists of several random feature (sub-)layers and the corresponding pooling maps which finally compose an input to the standard extreme learning layer. RBFNs and ELMs are also used in meta-learning (Jankowski, 2013) as an elementary learning algorithm for searching in wide model spaces. Additionally, pseudo-inverses and ELMs can be used in several other applications, one of the more interesting and somewhat non-typical usages dealing with missing data (Eirola et al., 2014; Sovilj et al., 2016) .
The computational costs of SVD are crucial for the efficiency of the above ANN. What is more, in the search for an appropriate ANN architecture, we test multiple configurations (different layers, different parameters of neurons, etc.), and the learning of each configuration consumes its own amount of time. This is why reducing SVD costs is very important, as it provides a useful speedup in each learning process with little or no tradeoff in accuracy.
The next section describes the idea of fast approximate SVD computation and lays out a proposition of a modification which additionally reduces the computational costs of SVD. The following section presents several numerical analyses which compare normal SVD with fast versions in terms of accuracy and execution time.
Analysis and modification of fast approximate singular value decomposition
In the work by Halko et al. (2011) we can find a review of a few attempts at reducing the cost of matrix decomposition by randomization techniques. Most of them use a low-rank approximation of a matrix. In the first part of this section we will focus on the general idea, and then on one algorithm proposed by Halko et al. (2011) . Finally, we will analyze its convergence and propose a modification of the algorithm to reduce the computational costs. Generally, the idea is based on intermediate matrix decomposition which has to produce a matrix of a significantly smaller size, and after that SVD will be used to decompose that smaller matrix with (possibly) much lower computational costs. Such a decomposition may be strongly dependent on the rank of the decomposed matrix A. It is especially helpful when the rank of A is smaller than its size, or if there exists a low-rank approximation of A.
The low-rank approximation of a given matrix A is defined by
where k bounds the rank of the above decomposition. Assuming that m > n, SVD decomposition of the matrix B is computationally simpler than that of A. However, these are not sufficient conditions for efficient construction of the pseudo-inverse matrix of A without additional restrictions on the C matrix. When C is an orthonormal matrix, the computation of the pseudo-inverse of the above decomposition is simple.
That is why the following matrix Q with orthonormal columns is so useful:
Now, to compute the SVD of A, we have to
• construct the matrix Q,
The proposed construction of the matrix Q was performed by Gaussian randomization and orthogonalization. First, let the matrix H be defined by
where ω (i) is a random Gaussian vector 1 × n and H ∈ M m×k (R). The next step is to build an orthonormal matrix Q from the matrix H using an orthonormalization algorithm. The two steps, the randomization and the orthonormalization, can be performed as in Algorithm 1. Now the columns of the matrix Q form an orthonormal basis of the range of H.
The selection of k as the number of columns in the above algorithm is very important. This is because we expect the error
stemming from the decomposition, to be small. The choice of k below the rank of A can lead to a poor decomposition of A. However, thanks to the randomness of the vectors ω (i) , the set of ω (i) is likely to be linearly independent. As presented by Halko et al. (2011) , the following lemma holds.
Algorithm 1. Orthogonal randomized matrix.
1: for i = 1 to k do 2: 
with a probability of at least 1 − α −r .
In the context of the above definition of the orthonormal matrix Q and the above lemma, the direct conclusion is that the decomposition error is bounded as below:
with a probability of at least 1 − 10 −r .
In further parts of the article, by the decomposition error we will refer to
Halko et al. (2011) present the final algorithm for construction of matrix Q as a combination of the previous orthonormalization steps in connection with the above property to control the decomposition error incrementally (see Algorithm 2). Thanks to this, the number of columns in the matrix Q is incrementally adjusted according to the decreasing decomposition error in low costs.
In all experiments was set to 0.1 and r = 10; defines the accuracy which limits the error in Eqn. (18), r controls the reliability of the test defined by Lemma 1 (larger r means stronger reliability and slightly more costly computations of the test). The chosen values of r and give sufficient accuracy and reliability of the test. The Gaussian random vector is drawn from a Gaussian distribution with zero mean and unit variance.
The complexity of the above algorithm is O(mnk), where m × n is the size of A and k is the number of columns in Q.
After the construction of Q, SVD is calculated on the matrix B = Q T A and the matrix B ∈ M k×n (R). This means that the complexity of SVD on B is O(nk 2 ). This leads us to the final complexity of the fast version of SVD: O(mnk). Two plots in Fig. 1 show examples of convergence of the decomposition error (Eqn. (18)) for two data sets from the UCI Machine Learning Repository, cardiotocography-1 and musk2. The same decomposition error is used in further figures as well. In the first step the original data sets were standardized, and after that transformed (with a Gaussian kernel) to 2000-dimensional kernel spaces according to Eqn. (7). Such matrices were used to construct matrices Q, in accordance with Algorithm 2.
We can see two different cases: the first example stops after 788 iterations, while in the second case the algorithm stops after 2000 iterations. In the first case, the rank of the data matrix of cardiotocography-1 is smaller than 2000, and the matrix could be approximated by a matrix of rank 788. In the second case the rank of the data matrix was huge and the algorithm constructing Q was not able to reduce its size.
Additionally, we can see some interesting behavior on another example: in this case we add 1% of noise to cardiotocography-1, after the transformation to the 2000-dimensional kernel space. The results are presented in Fig. 2 . The expression 'ν% of noise' means that we added Gaussian noise with zero mean and the standard deviation equal to ν/100 to the data in the interval [0, 1] (data constructed by Gaussian kernels). Now, the noise added to the transformed data significantly impacted the convergence and finally we have no reduction in the size of the matrix Q, even with such a small amount of noise.
Such behaviour is not optimistic from the perspective of machine learning and artificial neural networks. Let us remember that adding an appropriate amount of noise is equivalent to the Tikhonov regularization (Tikhonov and Arsenin, 1977) learning in neural networks (Bishop, 1991) . It would, of course, be better if the addition of noise did not affect the convergence so strongly. But we can observe that there is a strong difference between the convergence progressions of cardiotocography-1 with noise ( Fig. 2) and musk2 (Fig. 1 ). In the case of cardiotocography-1, due to the addition of a small amount of noise, after initially rapid convergence, we can see that the shape becomes very flat, especially compared Algorithm 2. Forming matrix Q.
1: function constructQ(A) 2: for i = 1 to r do 3:
h (i) = Aω (i) 5: end for 6: Q (0) = [], the m × 0 matrix 7: j = 0 8: while max k=1,...,r h (j+k) > /(10 2/π) do 9: j = j + 1 10:
15:
for i = (j + 1), (j + 2), . . . , (j + r − 1) do 16: with the convergence progression of musk2. This clearly suggests the existence of two separate causes for those different instances of convergence behaviour.
Smoothed gradient stop criterion in the algorithm of constructing matrix Q. Based on the above experience, we decided to introduce another type of stopping criterion for the algorithm of forming matrix Q. The previous stopping criterion was based on the lemma presented in the earlier part of this section, which extracts the maximal norm of the last few vectors h i ; see Eqn. (18).
Our idea was to add an additional condition which tests whether the subsequent norms are not overly flat. However, this is not as easy as just testing the gradient, as demonstrated by several specific incidents which may occur from time to time, depending on the dataset; see Fig. 3 . Sometimes we may find several points where the convergence is not monotonic and, in consequence, the gradient flips in opposite directions. Hopefully, such flips exhibit very local behaviour and to overcome this problem we propose the criterion as presented Algorithm 3.
The function presented in Algorithm 3 is a smoothed version of the gradient of the decomposition error. It rejects the flips the of gradient (line 9 of the code) and analyzes the average of maximal norms over the last r vectors h i . Here τ defines the minimal decrease of decomposition error needed to continue the construction of matrix Q; τ was set manually to 0.02 and this value was used in all tests. After the introduction of the new stopping criterion, the computation of matrix Q slightly changes; compare this with Algorithm 4. It is important to note that the new stopping criterion does not influence the complexity, as it relies only on values that have already been computed.
The above version of constructing matrix Q has the same complexity as the previous one, i.e., O(mnk). However, as is shown in next section, k is very often significantly smaller than in the previous version.
The results obtained with the new stop criterion can be seen in Figs. 4-7 with 0%, 1%, 4% and 32% of noise, respectively (on the cardiotocography-1 dataset again). Comparing those figures with the previous ones, it is easy to observe that the adoption of the new criterion leads to a significant reduction in the size of the final matrix Q. Table 1 presents the number of columns in the matrix Q depending on the percentage of noise. The final learning algorithm of a neural network or linear discrimination with the above fast SVD algorithm is presented as Algorithm 5.
In the next section, a comparative analysis of three versions of SVD is presented: the classic and the fast one, and that with the gradient stop.
Results analysis of pseudo-inverse learning
Three versions of SVD are compared in this section: normal SVD, fast approximate SVD, and its version with All experiments were performed on a typical laptop with an Intel i7-4550U processor, 1.5 GHz/2.10 GHz, with 8 GB RAM (DDR3 1.33 GHz).
The tests concentrated mainly on three aspects:
• convergence analysis of fast SVD and its modified version,
• comparison of execution time of SVD and fast versions of SVD, and
• classification accuracy (because we are interested in applications of SVD in neural networks and machine learning).
In Table 2 we summarize the most important information about selected datasets from the UCI Machine Learning Repository (Merz and Murphy, 1998) used for testing.
All tests concern the learning of a neural network equivalent with the RBFN or the ELM with a Gaussian kernel. Steps Decomposition error Fig. 7 . Convergence with the gradient stopping criterion: 32% of noise. Figures 8 and 9 present the plots of convergence for the selected datasets. Those figures present all types of behaviour in terms of convergence-this was the goal in the selection of the datasets. As before, the y-axis presents the decomposition error defined by Eqn. (18) . The solid-dashed curve represents the convergence of the fast SVD algorithm. The solid part of those curves represents the fast SVD with the gradient stop algorithm. It can be easily seen that the new stop criterion stops much earlier than the fast SVD algorithm. Now the new criterion stops if the convergence curve becomes too flat.
Convergence of fast SVD algorithms.
In Tables 3 and 4 
12:
q (j) = h (j) / h (j) 13:
ω (j+r) = Gaussian random vector (1 × n) 15: h (j+r) = (I − Q (j) (Q (j) ) T )Aω (j+r) 
16:
for i = (j + 1), (j + 2), . . . , (j + r − 1) do 17:
the numbers of steps with the numbers of kernels in the input spaces 2 are shown. The fraction means the ratio of 1000 and 2000 or 100 and 200, respectively, to the initial number of kernels.
Comparison of the learning time of SVD, fast SVD and its version with the gradient stop.
The learning time presented in the following tables was computed by Algorithm 5 from line 7 to 9, such that we ignore the kernel construction time. In the case of normal SVD, the code lines from 7 to 9 are substituted by only computing SVD on the matrix A as well as multiplication for computing its pseudo-inverse. Tables 5 and 6 present the fractions of the execution time of the normal SVD algorithm that were used by fast SVD or by fast SVD with the gradient stop. It can be seen that fast SVD with the gradient stop uses much less time than with the previous stop criterion. Only in case of the musk2 dataset are the times similar, while in most cases the execution time is around 10 times smaller.
Comparison of classifier accuracies obtained with SVD, fast SVD and its version with the gradient stop.
To present a trustworthy investigation of applicability of the fast versions of SVD algorithms, the accuracies of classifiers were tested in 10-fold stratified cross-validation repeated 10 times. The accuracies were averaged from the test parts only. Tables 7 and 8 present the classifiers' average accuracies. The columns correspond to different classifier configurations and rows correspond to datasets. The cells in boldface mean that a given classifier is a winner in the meaning of the paired t-test. The cells consist of averaged accuracy, accompanied by its standard deviation and the classifier's rank (in line with the pattern accuracy ± std(rank))).
The ranks are calculated for each machine for a given dataset D. They are determined as follows. First, for a given benchmark dataset D the averaged accuracies of all learning machines are sorted in descending order. The Steps Decomposition error Waveform Fig. 9 . Convergence of fast SVD and its version with the gradient stop criterion (part B). 
machine with the highest average accuracy is ranked 1. Then, the following machines in the accuracy order whose accuracies are not statistically different (according to the paired t-test) from the result of the first machine are ranked 1, until a machine with a statistically different result is encountered. That machine starts the next ranked group (2, 3, and so on), and an analogous process is repeated on the remaining (yet unranked) machines.
The last three rows in Tables 7 and 8 present cumulative results on mean ranks (and their standard deviation), numbers of wins (how many times a given machine configuration was the winner or statistically not worse) and the average accuracies. Table 7 compares the performances performance of the RBFN/ELM with 1000 and 2000 Gaussian kernels using fast SVD, fast SVD with the gradient stop and standard SVD for learning. In a similar manner, Table 8 presents results for 100 and 200 kernels.
In most cases the best accuracies were of course obtained by non-approximated SVD. However, fast SVD was in many cases as good as SVD. Fast SVD with the gradient performs a little worse indeed, but the results are often almost on the border of statistical difference, while the computational time is many times smaller. Also, it sometimes happens that even the fastest SVD has the best accuracy.
The most important observation is that, despite the fact that approximation in the proposed method is so strong, the results are not much worse. This is especially important when we browse many configurations before the final learning of the end model.
Summary
The complexity of neural network learning algorithms is so often crucial, especially in learning from huge datasets (a huge dataset meaning one with a big number of instances or a big number of attributes). This article was focused on the construction and analysis of fast algorithms of SVD computation for training neural networks like the RBFN, ELM, or deep ELM. The proposed modification of the fast SVD algorithm is on the average 10 times faster than standard SVD. Such algorithms can be used in every place where standard SVD is now employed: in supervised and unsupervised learning and in classification, regression, PCAs and so on.
Although computational time consumption of the new fast SVD algorithm is significantly reduced, the accuracies of classifiers are still satisfactory. This is especially important when the learning phase is repeated many times in order to find an appropriate model of a neural network or another learning machine, which is a typical case.
